We give here an overview of recent developments in high energy physics and cosmology and their interconnections that relate to unification, and discuss prospects for the future. Thus there are currently three empirical data that point to supersymmetry as an underlying symmetry of particle physics: the unification of gauge couplings within supersymmetry, the fact that nature respects the supersymmetry prediction that the Higgs boson mass lie below 130 GeV, and vacuum stability up to the Planck scale with a Higgs boson mass at ∼ 125 GeV while the standard model does not do that. Coupled with the fact that supersymmetry solves the big hierarchy problem related to the quadratic divergence to the Higgs boson mass square along with the fact that there is no alternative paradigm that allows us to extrapolate physics from the electroweak scale to the grand unification scale consistent with experiment, supersymmetry remains a compelling framework for new physics beyond the standard model. The large loop correction to the Higgs boson mass in supersymmetry to lift the tree mass to the experimentally observable value, indicates a larger value of the scale of weak scale supersymmetry, making the observation of sparticles more challenging but still within reach at the LHC for the lightest ones. Recent analyses show that a high energy LHC (HE-LHC) operating at 27 TeV running at its optimal luminosity of 2.5 × 10 35 cm −2 s −1 can reduce the discovery period by several years relative to HL-LHC and significantly extend the reach in parameter space of models. In the coming years several experiments related to neutrino physics, searches for supersymmetry, on dark matter and dark energy will have direct impact on the unification frontier. Thus the discovery of sparticles will establish supersymmetry as a fundamental symmetry of nature and also lend direct support for strings. Further, discovery of sparticles associated with missing energy will constitute discovery of dark matter with LSP being the dark matter.
∼ 125 GeV while the standard model does not do that. Coupled with the fact that supersymmetry solves the big hierarchy problem related to the quadratic divergence to the Higgs boson mass square along with the fact that there is no alternative paradigm that allows us to extrapolate physics from the electroweak scale to the grand unification scale consistent with experiment, supersymmetry remains a compelling framework for new physics beyond the standard model. The large loop correction to the Higgs boson mass in supersymmetry to lift the tree mass to the experimentally observable value, indicates a larger value of the scale of weak scale supersymmetry, making the observation of sparticles more challenging but still within reach at the LHC for the lightest ones. Recent analyses show that a high energy LHC (HE-LHC) operating at 27 TeV running at its optimal luminosity of 2.5 × 10 35 cm −2 s −1 can reduce the discovery period by several years relative to HL-LHC and significantly extend the reach in parameter space of models. In the coming years several experiments related to neutrino physics, searches for supersymmetry, on dark matter and dark energy will have direct impact on the unification frontier. Thus the discovery of sparticles will establish supersymmetry as a fundamental symmetry of nature and also lend direct support for strings. Further, discovery of sparticles associated with missing energy will constitute discovery of dark matter with LSP being the dark matter.
On the cosmology front more accurate measurement of the equation of state, i..e, p = wρ, will shed light on the nature of dark energy. Specifically, w > −1 will likely indicate the existence of a dynamical field, possibly quintessence, responsible for dark energy and w < −1 would indicate an entirely new sector of physics. Further, more precise measurements of the ratio r of tensor to scalar power spectrum, of the scalar and tensor spectral indices n s and n t and of non-Gaussianity will hopefully allow us to realize a standard
Introduction
The standard model of particle physics [1] describing the electro-weak and the strong interactions is a remarkably successful model up to the TeV scale. With the discovery of the Higgs boson the spectrum of the standard model is now complete [2, 3] . However, because of the hierarchy problem [4] , one expects new physics beyond that scale. Supersymmetry provides a simple mechanism that cancels the large loop corrections to the Higgs boson that arise from fermions that couple to the Higgs boson and is currently the leading candidate for new physics beyond the standard model. Initially supersymmetry appeared in two dimensions and later promoted to four dimensions relevant for phenomenology [5] . However, if supersymmetry is to be a fundamental supersymmetry it must be a local symmetry [6, 7] (For a more extensive discussion see [8] ).
This means grand unified theories [9] which unify the electro-weak and the strong interactions cannot just be globally supersymmetric extensions of the grand unification [10] but must be locally supersymmetric grand unified models [11] . Supergravity grand unification is not a quantum theory of gravity and for that we must look to strings. While much progress has occurred in strings it is still work in progress and the possible number of vacuum states of the theory is enormous. So most of the discussion in this paper will focus on supersymmetry and supergravity based models. A unified model of particle physics has implications along many frontiers of fundamental physics: the energy frontier, the intensity frontier and the cosmic frontier.
There is, of course, a significant overlap among the three frontiers and particle physics plays a role in all.
The outline of the rest of the paper is as follows: In section (2) we discuss the energy frontier, in section (3) the intensity frontier, and in section (4) the cosmic frontier. Unification frontier is discussed in section (5) . Challenges for high energy physics and cosmology are discussed in section (6) and future high energy colliders in section (7) . Conclusions are given in section (8) . Notation and some basic formulas are given in section (9) .
The Energy Frontier
Supersymmetry has not been observed so far. The explanation of this is easily found in the measured value of the Higgs boson mass at ∼ 125 GeV. Thus at the tree level the Higgs boson mass is less than M Z which tells us that the loop correction must be large to bring the mass up to ∼ 125 GeV observed by experiment.
Remarkably in SUGRA models the Higgs boson mass is predicted so that M H ≤ 130 GeV [12] . In fact, the measurement of the Higgs boson at 125 GeV gives further support for supersymmetry [13] . This is in part because of vacuum stability. Thus for large field configurations where h >> v the Higgs potential is governed by the quartic term V h ∼ λ ef f h 4 . For vacuum stability we need λ ef f > 0 up to the Planck scale. It turns out that vacuum stability depends critically on the top mass and a larger top mass makes the vacuum more unstable. An advanced precision analysis including two-loop matching, three-loop renormalization group evolution, and pure QCD corrections through four loops gives an upper bound on the top pole mass of GeV. In models based on supersymmetry with a Higgs mass of 125 GeV, the vacuum can be stable up to the Planck scale [14] .
One might ask what light the Higgs boson mass might shed on the nature of soft parameters. In supergravity models with universal boundary conditions the soft parameters are described by m 0 , m 1/2 , A 0 , tan β, sign(µ), where m 0 is the universal scalar mass, m 1/2 is the universal gaugino mass, A 0 is the universal trilinear coupling, tan β is the ratio < H 2 > / < H 1 > where H 2 gives mass to the up quarks, and H 1 gives mass to the down quarks and leptons. We note in passing that supergravity models allow for non-universalities: in the scalar masses, in the gaugino mass masses and in the trilinear couplings. For simplicity we consider the universal case. Here an analysis within supergravity grand unification [15] shows that to get the Higgs boson mass consistent with experiment one needs a large A 0 which is easy to produce in supergravity grand unified models. We note that there are two likely reasons why SUSY has not been observed so far at the LHC. The first one is is that as mentioned the Higgs boson mass measured at 125 GeV points to the weak SUSY scale to be large lying in the several TeV range which makes the sparticles less accessible. Second, typically in large weak SUSY scale models the neutralino is mostly a Bino and one needs coannihilation to satisfy the relic density constraint as given by the PLANCK experiment [77] . Coannihilation, of course, requires a compressed sparticle spectrum which makes the observation of a supersymmetric signal difficult at the LHC. We note that the above discussion relates to analyses based on supergravity grand unification and the analyses for gauge mediation [16] and anomaly mediation [17] are different.
The large scale of weak scale supersymmetry lying in the several TeV region raises the issue of naturalness since the electroweak scale is related to µ and the soft parameters through radiative breaking of the electroweak symmetry. For perspective we note that there are various naturalness problems in particle physics. The most prominent one is that of the cosmological constant. Data from supernovae cosmology project indicates that Λ that enters in the Einstein equations has the value Λ ∼ 4.33 × 10 −66 eV 2 . However, theoretically loop corrections to the Λ could be as large as M 2 P l which makes the theoretical prediction a factor of 120 orders of magnitude larger than the experimentally observed value. Another, example of a larger naturalness problem is the loop correction to the Higgs boson mass square in the standard model.
Here the loop correction is larger by a factor of 10
28 . In this case supersymmetry provides a solution.
There are a variety of other smaller hierarchies where factors of up to few (i.e., 2-3) orders of magnitude are involved. Such small hierarchies could often be due to a partial knowledge of the boundary conditions of the problem. One such case is the little hierarchy problem related to the electroweak symmetry breaking.
Here the electroweak symmetry breaking relation involves soft parameters such as m 0 , m 1/2 , A 0 , tan β, the µ parameters and the mass M Z of the Z boson. This has led to various criteria regarding how large the soft parameters can be relative to the electroweak scale. Some of the early criteria were based on examining only one branch of radiative breaking which we will call the Euclidean branch (EB). Further, in the pre-LHC era, one imagined that the Higgs boson mass was likely to be only modestly above the tree level mass, which would imply a low SUSY scale and led to the expectation of an early discovery of supersymmetry. However, as mentioned already the discovery of the Higgs boson at 125 GeV, points up the existence of a large loop correction to the tree value of the Higgs and thus a correspondingly much higher value of the SUSY scale.
Regarding the large scale of weak scale supersymmetry, it was shown quite a while ago that such scales can be natural. Thus in the analysis of electroweak symmetry breaking (for a review see [18] ) it was shown that TeV size scalars can arise quite naturally on the hyperbolic branch [19] . To see this more clearly let us look at Eq. (11) which involves the soft parameters m 0 , m 1/2 , A 0 , tan β, and the Higgs mixing parameter µ, where the relation holds at scale Q to one loop order and where ∆ 2 loop is the loop correction. There is an underlying geometry to the radiative breaking equation Eq. (11) . This underlying geometry can be more easily seen by choosing a renormalization group scale Q where the loop correction to the tree equation is minimized. One then finds the following phenomenon: the sum of the terms which involve A 0 and m 1/2 sum up to be positive while C 1 has an ambiguous sign. In certain part of the parameter space, C 1 is positive.
In this case all the terms on the right hand side of Eq. (11) are positive, and thus if we were to fix µ there would be an upper bound to m 0 , A 0 and m 1/2 . This is the elliptical branch of the radiative breaking of the electroweak symmetry. This was the only branch known [20] till the analysis of [19] and led to various criteria for fine tuning and implication that naturalness implies low values for the soft parameters.
However, in the analysis of [19] a new branch of radiative breaking was discovered where one finds that one, two or all three soft parameters could be large while µ remains small. This is the hyperbolic branch of radiative breaking of the electroweak symmetry. The hyperbolic branch contains focal points, focal curves and focal surfaces as discussed in section 9.1. For the case when two soft parameters such as m 0 and A 0 get large while µ is small and fixed, one has a focal curve. When all soft parameters get large while µ remains small and fixed, one has a focal surface. For the case when the front factor in the term with m 2 0 vanishes, one has a focal point as explained in section 9.1. Thus for all cases, i.e., the focal curve, the focal surface, and the focal point one may have a relatively small µ while the weak scale lies in the several TeV region. More recent analyses show that squark masses can lie in the 50-100 TeV region consistent with radiative breaking of the electroweak symmetry, the Higgs boson mass constraint and with gauge coupling unification, which still allows for some light sparticles to be accessible at LHC energies [21] .
We note in passing that a high value of the scale of weak scale supersymmetry has some important benefits. Thus a high value of the weak supersymmetry scale resolves the problem of gravitino decay, in that in supergravity models a decay of the gravitino with mass in the 10 TeV and above region would not upset the BBN and would only minimally contribute to the relic density for up to reheat temperatures of 10
12
GeV in the post inflationary period. A high SUSY scale also helps suppress contributions from the SUSY CP phases to the edm of the quarks and the leptons (see, e.g., [22] ). Further, it helps suppress proton decay from the lepton and baryon number violating dimension five operators [23, 24] .
In most models with high scale of weak scale supersymmetry, the neutralino turns out to be mostly a bino.
However, as discussed earlier the annihilation cross section of bino's in the early universe is rather small, and one needs an additional boost from co-annihilation to be consistent with the relic density constraint on neutralino dark matter (see, e.g., [26] ). Further, as noted earlier coannihilation, of course, leads to a compressed spectrum and a compressed spectrum can appear in models with universal soft breaking as well as in models with non-universal soft breaking at the grand unification scale (for recent works see [27] ). Such non-universalities can be in the gaugino sector, in the Higgs sector, and in the sfermion sector. The existence of these non-universalites leads to a large landscape in the sparticle mass spectrum [25] . Even though the scalar masses are large one could still observe supersymmetric signals if the gaugino masses are relatively small. In this case the lightest sparticles would be the neutralino, the chargino, the gluino and possibly a light stau and a light stop. For experimental searches for supersymmetry with a compressed spectrum and associated works see [28, 29] .
In addition to the search for sparticles, signatures of supersymmetry might arise from the observation of [31, 32, 33] , and for recent Higgs related works see [34] ).
Intensity Frontier
Precision measurements in high intensity experiments can point to new physics beyond the standard model (for a comprehensive review see [35] [36] . It is known that supersymmetry can produce a significant contribution if the smuon, muon-sneutrino and the weak gauginos have masses in the few hundred GeV region [37, 38, 39] . On the other hand one expects the sfermions to be heavy in view of the Higgs boson mass. These results can be reconciled if we assume m 3 >> m 1 , m 2 , m 0 . In this case the high gluino mass drives the squark masses to be heavy but leaves the slepton masses and weak gaugino masses to be low and it is possible to have consistency with the Brookhaven result [40] . There are a variety of other models which can also achieve consistency with the data (see, e.g., [41] ). A new measurement of the muon anomalous moment experiment E989 is underway by the Fermilab Muon g − 2 Collaboration. The Fermilab experiment will accumulate about 21 times more data than the Brookhaven experiment! [42] . Additionally uncertainties in the theoretical analyses are also expected to be reduced due to hadronic contributions using lattice gauge analyses and using more accurate determination of the lepton scattering cross-sections [43] . Runs on E989 have already started and will continue through 2020. It is expected that the new data will reduce the uncertainties by a factor of 4.
Further, if the BNL measurement of the central value holds, the improved measurement could lead to a 7σ discrepancy and provide a clear signal of new physics [42] .
Neutrino physics
Neutrinos are the least massive of the elementary particles and are likely connected to a high scale, such as the grand unification scale through the see-saw mechanism [44] . They have other remarkable properties such as they exhibit oscillations where one flavor state converts into another. They also exhibit the phenomenon that the matrix U ν that takes us from the flavor states (ν e , ν µ , ν τ ) to the mass diagonal states (ν 1 , ν 2 , ν 3 ),
i.e., (ν e , ν µ , ν τ ) (2) ∆m
Case (1) is the so called normal hierarchy while case (2) is the inverted hierarchy.
Establishing the correct mass hierarchy along with determining the CP phases will be of significance in constraining grand unified models. Hyper-K experiment using J-PARC muon neutrino beam [46] along with experiments such as The Long Baseline Neutrino Experiment [47] in the US will lead the effort in this regard.
Neutrino oscillations provide us information only on the neutrino mass difference m 2 j − m 2 l , and the determination of the absolute masses of the neutrinos is a challenge. The neutrino less double beta decay is one available means by which we can fix the absolute neutrino mass. Neutrino mass limits on the sum of the neutrino masses can be gotten by using large-scale power spectrum data of galaxy surveys [48] which gives m νi < 0.13 eV. It is expected that data from CMB-S4 [49] and data from the Large Synoptic Survey
Telescope (LSST) [50] along with other astrophysical data will allow one to put an upper limit on the sum of 0.03 eV [51] . The study of Cosmic Infrared Background provides us with an alternative way to fix the absolute value of the neutrino mass from the radiative decay of a neutrino to one with a lower mass. Thus a neutrino can decay radiatively to neutrinos with lower masses and for the neutrino mass eigenstates
with m ν3 > m ν2 > m ν1 one can have radiative decays so that ν 3 → ν 1 γ, ν 2 γ. The reason the radiative decays provide us with a way to measure the absolute mass of the neutrino is the following: Suppose we consider the decay ν j → ν l γ. In the rest frame of the decay of ν j the photon energy is given by E γ = (m the larger mass splitting for the normal hierarchy and similar limits within a factor of few for the inverted hierarchy [52] . The radiative decay lifetime of the neutrino in the standard model is very large (for a review see [53] ). However, much lower lifetimes for the neutrino decays can be achieved when one goes beyond the Standard Model [54, 55] .
CP violation in supersymmetry, strings and branes
Aside from direct searches for new physics with colliders it is possible to explore new physics up to the PeV scale using the electric dipole moments of elementary particles specifically of the leptons. This is so because in the standard model, for example, the electric dipole moment (edm) of the electron is estimated to be |d e | 10 −38 ecm and for the neutron the value lies in the range (10 −31 − 10 −33 ) ecm (assuming that the QCD phase θ is eliminated using the Peccei-Quinn symmetry for the case of the neutron). These limits are far beyond the sensitivity of experiments to measure in the foreseeable feature. However, models of new physics beyond the standard model can produce edms which are much larger and of sizes measurable by the current and improved future experiments. Thus a measurement of the edms of the fundamental particles will provide a window to new physics beyond the standard model (for a review see [22] ). In supersymmetric theories, there are new sources of CP violation beyond those in the standard model and these phases can be large. In fact such phases typically produce edms for the leptons and for quarks which are significantly in excess of the current experiment if one uses a sparticle spectrum in the sub TeV region. Various procedures have been advocated in the past to overcome this problem including mass suppression by use of heavier masses [56] and the cancellation mechanism where contributions from different sources cancel [57] . In the post Higgs boson discovery era one finds that the sparticle spectrum, specifically the scalar masses could be large which then provides an automatic window for the exploration of new physics up to the PeV region using the edms (For a discussion of PeV scale in the context of supersymmetry in previous works see, e.g., [59] ). Thus suppose the supersymmetric CP phases are large even maximal, then the experimental limit on the edms can be used to constrain the sparticle masses. This idea has been pursued by a number of authors [58] To make the discussion more concrete let us consider the edm of the electron which is the most stringently constrained one among the edms of the elementary particles. Thus the measurement of the electron edm by the ACME Collaboration [60] using the polar molecule thorium monoxide (ThO) gives d e = (−2.1 ± 3.7 stat ± 2.5 syst ) × 10 −29 ecm, which corresponds to an upper limit of |d e | < 8.7 × 10 −29 ecm , at 90% CL. The corresponding upper limits on the edm of the muon and on the tau lepton are not that stringent, i.e., one has [61] |d µ | < 1.9 × 10 −19 ecm for the muon edm and |d τ | < 10 −17 ecm , for the tau edm. In the future the sensitivity limit on all of them are expected to increase. Thus for the electron edm d e the future projections are |d e | 1 × 10 −29 ecm using Fr [62] , |d e | 1 × 10 −30 ecm using YbF molecule [63] , and |d e | 1 × 10 −30 ecm using WN ion [64] . Similar considerations apply to the neutron edm. The current experimental limit on the edm of the neutron is [65] |d n | < 2.9 × 10 −26 ecm (90% CL) and higher sensitivity is expected from experiments in the future [66] . Such analyses can also be utilized for the discovery of vector like generations through their mixings with the first three generations. Vectorlike generations arise in a variety of grand unified models, and in string and in D brane models and have been considered by several authors and their discovery would constitute new physics (see, e.g., [67] ). Aside from the above, the SUSY CP phases enter in a variety of low energy phenomena such as event rates in the direct detection of dark matter [68, 69] , on flavor changing photonic decay of the b quark [70] and on many others.
Hidden sectors in supergravity, in strings and in branes
Hidden sectors arise in supergravity models and in models based on string theory. Thus in supergravity models supersymmetry is broken in the hidden sector and communicated to the visible sector by gravity mediation. By a hidden sector one means that the matter and gauge fields in the hidden sectors are singlets of the standard model gauge group so there is no direct communication between them. However, as mentioned there can be communication between them by gravity mediation which means by Planck suppressed operators. The hidden sectors can also be made visible by U (1) probes where the U (1) Y of the visible sector mixes with the U (1) of the hidden sector by kinetic mixing [71] and by Stueckelberg mass mixing [72] . Extra U (1)'s factors arise in grand unified theories, in strings and in D-branes. Thus D brane constructions typically start with a stack of n branes which has a U (n) gauge symmetry. Since
, one has U (1) factors appearing. For example, to construct the standard model gauge group in D-brane models one starts with the gauge groups
The gauge field of the extra U (1)'s can mix with the gauge field of the U (1) Y in the kinetic term which leads to interactions between the visible sector and the hidden sector.
As mentioned above the mixing between the extra U (1)'s and U (1) Y can occur via kinetic mixing and via Stueckelberg mass mixing. Of course, one may have both, i.e., kinetic mixing as well as Stueckelberg mass mixing. The mixing involving the kinetic mixing vs the Stueckelberg mass mixing lead to rather different types of interactions as explained below. Thus for the case when there is only kinetic mixing of the U (1) gauge field of the visible and that of the hidden sector, the visible sector photon couples only to the visible sector matter while the hidden sector photon couples to both the hidden sector matter as well as the visible sector matter. This can be seen explicitly from Eq. (16) . When one has both kinetic mixing as well as Stueckelberg mass mixing among the U (1) gauge fields the photon of the visible sector also couples to matter in the hidden sector and this coupling is milli weak. For the case of no kinetic mixing and only Stueckelberg mixing the photon of the visible sector also couples to the hidden sector matter. So in all three cases one finds that there is mixing between the visible sector and the hidden sector. These mixings can give rise to observable effects. Thus, for example, the hidden sector photon or Z particle can decay into visible matter producing a very sharp resonance [72] (for a review of Z physics more generally see [73] ). In the supersymmetric extension of the Stueckelberg mechanism one has visible sector neutralinos interacting with hidden sector neutralinos producing an LSP which is extra weakly interacting. In addition to the U (1) portals there can be other portals such as the Higgs portal which can produce communication between the hidden sector and the visible sector! [74] .
The cosmic frontier
The cosmic frontier presents an important avenue for test of fundamental physics, since models of the universe are deeply connected with particle physics. Some of the areas where this connection is particularly deep relates to dark matter, dark energy, inflation, big bang cosmology, baryogengesis and leptogenesis. We discuss some of these below.
Dark matter
While the nature of dark energy remains somewhat of a mystery, there are a signifiant number of candidates for dark matter. One of the most widely discussed possibility is that of weakly interacting massive particles (WIMPs). Thus supergravity models provide the neutralino and the sneutrino as possible WIMP candidates for dark matter. The neutralino as a possible candidate for dark matter was proposed soon after the formulation of supergravity grand unified models [75] and here it appears as the LSP over most of the parameter space of models [76] and with R -parity, it becomes a candidate for dark matter. An important constraint on model building is the constraint on relic density given by PLANCK [77] . This means that at the very least the relic density not exceed the PLANCK [77] limit of Ωh 2 ∼ 0.12. While this constraint is generally easy to satisfy for sfermion masses in a wide class of supergravity models, it becomes more difficult if the neutralino is mostly a bino. In this case the neutralino annihilation cross section becomes small making the satisfaction of the relic density more difficult. The satisfaction of the relic density here requires co-annihilation [78, 79, 80] which implies that there be one or more sparticles (NLSP) lying in the vicinity of the LSP. However, coannihilation implies a compressed spectrum which leads to soft final states in the decay of the NLSPs making the detection of supersymmetry more difficult. Such a situation occurs for supergravity models with sfermion masses which lie in the 10-100 TeV region which then leads to a compressed spectrum to satisfy the relic density constraint. Regarding the direct detection of dark matter, the sensitivity of the dark matter detectors has been increasing steadily and recent experiments (XENON100, PandaX, LUX) have reached a sensitivity in the range of 10 −45 − 10 −46 cm 2 in spin-independent WIMP-nucleon cross-section.
It is projected that by the year 2030 the sensitivity of direct detection experiments will reach the neutrino background of 10 −49 cm 2 (for a review see [81] ) and beyond that the direct detection of dark matter would be more challenging as it would require more accurate simulations of the neutrino backgrounds.
Dark matter may also be detected by indirect means. Thus a long lived dark matter particle may decay producing remnants which may be detectable. This is the case, for example, for a heavy neutral lepton which may decay into a neutrino and a photon where the photon would be detected. Indirect detection of dark matter can occur via detection of anti-matter produced in the annihilation of two dark matter particles.
For instance two neutralinos may annihilate into ff producing antiparticles which can be detected. Various satellite experiments [82] are exploring the presence of dark matter by these indirect means (for a review see [83] ). Aside from the dark matter particles mentioned above there are a whole host of dark matter candidates whose masses range from 10 −22 eV to the Planck mass. These include ultra light dark matter, sub GeV dark matter [84, 85] , PeV scale dark matter [86] , extra-weakly interacting dark matter [87] , selfinteracting dark matter, asymmetric dark matter [88] , dynamical dark matter (see [89] and the references therein), dark matter from extra dimensions (see [90] and the references there in) and many others [91] . Dark matter candidates whose production cross section is large enough to be produced at the LHC and other future colliders could be detected as missing energy [92] . Below we discuss the possibility of an ultralight boson as a dark matter candidate.
An ultralight boson as dark matter in supersymmetry, supergravity and strings
Recently it has been pointed out that while the ΛCDM model works well for cosmology at large scales, there are issues at scales less than ∼ 10kpc [93] . Specifically one of the issue is the so called Cusp-Core problem. Here N-body simulations show that CDM collapse leads to cuspy dark matter (NFW profile) halos.
However, the observed galaxy rotation curves are better fit by constant dark matter density cores (Berkert profile). The second issue concerns the so-called "missing satellite" problem. Here the CDM predicts too many dwarf galaxies. Both of these problems could be solved by complex dynamics and baryonic physics with WIMPs [94] . Another possibility mentioned to take account of cosmology at small scales, i..e, at scales less that 10kpc is the ultralight dark matter with a wavelength order ∼ 1 kpc. One candidate is an ultralight boson [95] with mass O(10 −22 ) eV such as an axion which is not a QCD axion [96] but likely a string axion [97] ) with an axion decay constraint in the range 10 16 GeV ≤ f ≤ 10 18 GeV . We note that this range for the decay constant is much larger than for the QCD case where 10 9 GeV f 10 12 GeV . Here the lower bound comes from red giant cooling and the upper bound comes from consistency with the relic density constraint set by the misalignment mechanism. The string axion has greater flexibility in the range of allowed axion decay constant since it is not necessarily related to gauge dynamics of QCD axions. Such axions are rather ubiquitous in string theory. It is possible to construct models which lead naturally to an axion mass of size ∼ 10 −21 eV which can be found in [95] .
Dark energy
The necessity of dark energy arises due to the observed accelerated expansion of the universe. In FRW universe the acceleration is governed by the Friedman equation
where R(t) is the scale factor, ρ is the matter density and p is the pressure. For accelerated expansion one needs (ρ + 3p) < 0 which implies that w defined by w = p/ρ obeys the constraint
Here the case w = −1 corresponds to acceleration due to a cosmological constant. The current data from the PLANCK experiment [77] indicates
A value of w greater than −1 would indicate the existence of something like quintessence (for a review see [98] ) and if w < −1 we will have a new sector involving something like phantom energy [99] .
Inflation, spectral indices, non-Gaussianity
As is well known inflationary models resolve a number of problems associated with Big Bang cosmology, i.e., the flatness problem, the horizon problem, and the monopole problem [100] . In inflation models quantum fluctuations at the time of horizon exit contain significant information on the characteristics of the inflationary model [101] . The cosmic microwave background (CMB) radiation anisotropy encodes such information and its extraction can help discriminate among models. Analyses using data from the PLANCK experiment [102] have been helpful in putting significant constraints on models of inflation eliminating some and constraining others. Successful inflation requires pivot number of e-foldings in the range N pivot = [50, 60] . Experimentally measurable quantities are the ratio r of the power spectrum for tensor perturbations and the power spectrum of scalar perturbations, and the spectral indices of scalar perturbations n s and of tensor perturbations n t (see section 9.3). The Planck experiment gives the following constraints on r and n s r < 0.07 (95%CL) ,
while n t is currently unconstrained. As noted above these results have put significant constraints on models of inflation.
An interesting class of models are the so called natural models of inflation which involve an axionic field [103] . The simplest version of this model based on the QCD axion is currently highly constrained. Thus the natural inflation model involves an axion potential of the form
Here f is the axion decay constant and as mentioned in section 4.2 is constrained so that 10 9 GeV ≤ f ≤ 10 12 GeV. However, in natural inflation one requires f > 10M P . One procedure to overcome it is the so called alignment mechanism [104] . The problem of the axion decay constant can be more easily overcome in an axion landscape [105] . Here one can generate an axion potential dynamically with stabilized saxions and with breaking of the shift symmetry by non-perturbative terms [105] . Here successful inflation occurs with the desired pivot number of e-foldings in the range N pivot = [50, 60] . Further, the ratio r of the tensor to the scalar power spectrum and the spectral indices are found consistent with PLANCK data Eq. (4). It is of interest to note that for slow roll the ratio r and the spectral indices are related by the constraint
where and η are defined in section 9.3. Eq. (6) gives the standard single-field inflation result and the prediction n t = −r/8. Effective single field models reduced from multi-field inflation can generate small deviations from this prediction which can in principle be tested by more accurate determination of r and of the spectral indices [105] .
Another experimentally testable quantity that can discriminate among inflation models is non-Gaussianity f NL (see section 9.4). Roughly speaking f NL depends on the sound speed [108] f NL c(
where c = O(1) and c s is the sound speed defined by
Here p is the pressure and ρ is the density in the early universe at the time of inflation, and β =φ 2 , where φ is the inflaton field. For models with canonical kinetic energy c s = 1 and so the non-Gaussianity vanishes.
But non-vanishing non-Gaussianity can arise in a more general class of models with non-canonical kinetic terms such as the Dirac-Born-Infeld models. The analysis of [109] indicates that non-Gaussianity can be tested in the near future experiments provided |f N L | > 5.
The simplest example of a Dirac-Born-Infeld (DBI) lagrangian for a scalar field is given by
Here one finds c s
For small c s one needs fφ 2 to be close to 1. However, at the same time for successful inflation one needs the pivot number of e-foldings in the range [50] [51] [52] [53] [54] [55] [56] [57] [58] [59] [60] and also one needs to satisfy the constraints from the PLANCK experiment [77] . This is non-trivial. We discuss now the extension of the DBI lagrangian to the case of supersymmetry. The simplest example of this is given in [110] and discussed in section 9.6 and a more realistic model is discussed in [111] . In [111] an analysis is carried out for an axionic DBI inflation model with a U (1) global symmetry which is broken by instanton effects. Here the parameter space of the model was analyzed so that one has the desired pivot number of e-foldings and also one satisfies the PLANCK experimental constraints. In this case one finds that while the model leads to a non-vanishing non-Gaussianity, the predicted value of non-Gaussianity is significantly smaller than the projected lower bound of |f N L | > 5 in the improved near future experiments.
Unification frontier
Over the past decades progress has occurred on unification on two fronts: grand unified theories and strings.
Grand unified theories are effective theories expected to be valid at scales E ≤ M G < M P l where M G is the grand unification scale. Above this scale one is in the regime of quantum gravity which is properly described in the framework of strings. One of the strong constraints in searching for acceptable grand unified groups is that at the very least they must possess chiral representations in which matter can reside. The only possibilities here are SU (N ), SO(4N + 2), N ≥ 1, E 6 . Among these the leading candidate currently is the group SO(10). A nice property of this group is that one full generation of quarks and leptons can be accommodated in the 16-plet spinor representation of SO (10). However, the not so nice feature of SO (10) unification is that there are many possibilities for the Higgs representations that break the group SO (10) down to the standard model gauge group and then to the residual gauge group SU (3) C × U (1) γ . Thus one needs at least three Higgs representations to break the symmetry down to the residual gauge group [112] . Another issue concerns the doublet-triplet splitting. In SO(10) this problem could be overcome by use of 560 + 560 [113] which has a unified Higgs sector producing only one light Higgs doublet and makes all the Higgs triplets heavy and is an extension of the missing partner mechanism [114] .
While GUTs are consistent effective theories they are not UV complete in themselves but could either be remnants of string theory or belong to what one may call "swampland" [115] . The probability of a theory in the swampland being a theory of quantum gravity is deemed very small. Currently the only theories of quantum gravity are the five well known strings, i.e., Type I, Type IIA, Type IIB, heterotic SO (32) [116] is the strong coupling limit of E 8 × E 8 , and Type IIB/F-theory, where F theory [117] is the strong coupling limit of Type IIB strings. One can also compactify M-theory directly such as on a manifold X of G 2 holonomy [118] . One problem in working with string models is that they possess a huge number of vacuum states. i.e., as many as 10 500 for type IIB [119] , and in the context of F theory as many as 10 272000 [120] and thus the search for the right vacuum state that describes our universe is a daunting task.
At the phenomenological level there are constraints on string models even more stringent than those on GUTs. Thus string models in four dimensions have the problem of the so-called moduli stabilization.
Moduli are massless fields which have gravitational interactions with the visible sector fields. They need to be stabilized to extract meaningful physics from the theory. Progress has occurred in this direction in the past decade and a half through the work of KKLT [121] and in the frame work of the large volume scenario [122] .
Another instance where string models are more constrained than GUTs relates to the unification of the dimensionless parameter α GR = G N E 2 , where G N is Newton's constant, with the three gauge couplings of the standard model (for a review see [123] ). Using the normal spectrum of the MSSM one finds that the gauge couplings do not unify with the gravity coupling α GR . Several possibilities exist for resolving this issue. One possibility relates to a new dimension opening up below the scale M G under the assumption that matter resides on the four dimensional wall while gravity propagates in the bulk which speeds up the evolution of the gravity coupling allowing for a unification of gauge and gravity couplings and this can occur much below the Planck scale. A further refinement of this ides is a much lower string scale [124] .
Tests of Unification
Since unification of particles and forces is the central theme of high energy physics, it is imperative to ask what are the tests of such a unification. One of these is the well known unification of gauge couplings [125] which works well for supersymmetry with the sparticle masses at the electroweak scale [126] . It is reasonable to ask what happens if the sfermion masses are much higher and lie in the 10-100 TeV range which is a possibility in view of the high mass of the Higgs boson in supersymmetry. An analysis shows that the unification works equally well and sometimes even better with squark masses in the 10-100 TeV range [21] .
Further as is well known unified models lead to instability for the proton (for reviews see [23, 127, 35] ). One common prediction in non-supersymmetric and supersymmetric GUTS as well in strings is the existence of the proton decay mode p → e + π 0 which is generated by the exchange of lepto-quarks and a rough estimate of it gives the decay width [128] . Additionally the SU (5) GUT models also give the decay p → π + ν which is not allowed in generic D brane models. However, there exist special regions of intersecting D brane models where the operator 101055 is indeed allowed and the purely stringy proton decay rate can be of the same order as the one from SU(5) GUTs including the mode p → π + ν [129] . The current experimental limit from Superkamiokande is the following: τ (p → e + π 0 ) > 2 × 10 34 yrs [130] . More sensitive proton decay experiments are needed to push the experimental limits. Thus the proposed experiment Hyper-K is expected to achieve a sensitivity of τ (p → e + π 0 ) > 1 × 10 35 yrs [131] .
Observation of the strange decay mode of the proton, i.e., p →νK + would be a remarkable evidence for both grand unification and supersymmetry/supergravity. This is so because this mode is suppressed in non-supersymmetric grand unification and is dominant in supersymmtry/supergravity unification. The current experimental bound on this decay from Super-Kamiokande is τ (p →νK + ) > 4 × 10 33 yrs. Larger sensitivities are expected in the future at the proposed Hyper-K experiment where sensitives of τ (p → νK + ) > 2 × 10 34 yrs could be achieved [131] . Another remarkable aspect of proton decay is that it can in principle distinguish between the grand unification groups SU (5) and SO (10) . Thus the group SO (10) allows for |∆(B − L)| = 2 interactions while the group SU (5) does not. Such interactions can lead to proton decay modes p → νπ + , n → e − π + , e − K + which would not be allowed in SU (5) and would indicate SO (10) or a higher rank group as the underlying gauge group. Further these interactions also allow for baryogenesis, and n −n oscillations (For a review of the literature and some recent works see [132] ).
As discussed in section 2 a large value of the weak supersymmetry scale in the TeV region is natural in radiative breaking if it lies on the hyperbolic branch. Further, it generates a desirable loop correction needed to lift the Higgs boson mass above the tree level, and scalar masses in the tens of TeV lead to a unification of gauge couplings consistent with experiment. Further, it helps stabilize the proton from interactions arising from the baryon and lepton number violating dimension five operators. As mentioned in section 2 an additional benefit of a large value of the scale of weak scale supersymmetry is that it solves the so called gravitino problem. Thus from the early days of supergravity models it is known that stable gravitinos produced in the early universe can overclose the universe if the gravitino mass exceeds 1 keV [133] . Unstable gravitinos decay with gravitational strength and their decay modes areG →gg,χ ) is non-thermal. The decaying gravitinos produce a non-thermal contribution to the relic density. However, for reheat temperatures up to 10 10 GeV, the non-thermal contribution to the relic density is negligible [21] .
Can all the string vacua be tested?
As mentioned in the beginning of this section, while strings provide a framework for quantum gravity, the number of allowed vacua is large; around 10 500 for type IIB string and even larger for F-theory. One might speculate that in the future fast computers could check them all. To see if this is realistic we note that the age of the universe τ uni since the Big Bang is ∼ 4.32 × 10 17 s. Suppose we make the (inspired) estimate that in future fast computers may check as many as 10 10 vacua/s, which then implies that it would take ∼ 10 472 τ uni to check all. While machine learning tools could help such techniques by definition are not exhaustive. However, some avenues for finding the vacuum state that describes our universe are still possible. For example, such a discovery could be purely accidental, i.e., one stumbles on the right vacuum by pure luck although the chances for this to happen are remote. Another possibility is that standard like vacua within strings constitute a non-negligible fraction of the full set and thus dedicated searches which even explore a minuscule fraction of the string vacua will find standard model like vacua. We note, however, that some generic features of strings could be tested even without having a concrete string model. Such tests could involve phenomena on the interface of particle physics and cosmology, or relate to predictions such as appearance of resonances for low scale strings see, e.g., [134, 135] or find relation between string scale physics that are generic to strings and low energy phenomena (see, e.g., [95, 118, 128, 129, 136, 137, 138] ).
Challenges for High Energy Physics and Cosmology
We discuss now some of the challenges for high energy physics and for cosmology over the coming years. On the experimental side one of the challenges is to establish the nature of dark matter, i.e., whether it is a WIMP, an axion, fuzzy dark matter or something else and determine its properties, i.e., mass, spin and interactions with the standard model fields. The importance of discovering sparticles which are central to establishing supersymmetry as a fundamental symmetry of nature cannot be overemphasized. A related challenge is the discovery of additional Higgs bosons which arise in the most popular models of supersymmetry. On the unification frontier, the discovery of proton decay, which exists in all unified models, and the specifics of its branching ratios will shed light on the nature of the underlying model. Closely connected with proton decay is determining the nature of neutrino mass hierarchy, i.e., whether it is a normal hierarchy or an inverted one, and the more challenging task of fixing the absolute scale of the neutrino masses. On the cosmology side improved determination of the tensor to scalar power spectrum ratio r and of the spectral indices n s and n t are central to fixing more narrowly the allowed inflation models. For slow roll one has n t + r/8 ∼ 0 and any significant deviations from it will have implications for the underlying particle physics model of the inflaton. Further, the experimental constraints on non-Gaussianity in improved experiment in the future will put more stringent limits on inflation models. On the theoretical side the major challenge is finding the framework where both the particle physics models and the inflation models have a common origin. An outstanding challenge for particle physics and for cosmology relates to deciphering the nature of dark energy which contributes a major portion of mass to the universe, i.e., Ω Λ = 0.72. Currently the data fits well with the ΛCDM model. However, the smallness of the cosmological constant Λ is puzzling (for a review see [139] ). Here a more accurate determination of the equation of state p = wρ, i.e., of w would be great significance. The current experimental determination gives w = −1.006±0.045 [77] . will provide much more accurate measurement of the branching ratios and a deviation from the standard model prediction will be an indication of new physics beyond the standard model.
The e + e − collider will likely operate at an energy in the vicinity of 240 GeV to optimize the cross section for e + e − → ZH production sometimes referred to as Higgsstrahlung, as it is a process better suited for studying the properties of the Higgs boson than using the 2H final state. The reason for that is because the leptonic decays of the Z → + − provide a cleaner signature for the Higgs boson final state than the production of the two Higgs state which will generate a negligible cross section for the decay into electrons or muons. As noted the e + e − machine is primarily a Higgs boson factory and not the prime machine for the discovery of sparticles. For that reason proton-proton colliders remain the main instrument for the discovery of supersymmetry.
It is very likely that the LHC after the upgrade and with its optimal integrated luminosity will discover one or more low lying sparticles. However, irrespective of whether or not the sparticles are discovered at the LHC at √ s = 14 TeV, one would need a larger energy machine to discover sparticles up the ladder and for those sparticles that are discovered at √ s = 14 TeV, the larger energy machine would be helpful in studying their properties more accurately. Two types of higher energy pp colliders have recently been discussed. One of these is a 100 TeV machine (for physics opportunities at a 100 machine see, e.g., [142, 143] ). Thus one proposal being considered by the Future Circular Collider (FCC) study at CERN is a 100 TeV collider to be installed in a 100 km tunnel in the Lake Geneva basin. Also a 100 TeV Super proton-proton Collider (SppC)
is being considered in China. More recently a third possibility, i.e., a high energy LHC (HE-LHC), under consideration by the FCC study at CERN, would use the existing tunnel at CERN with FCC technology magnets to achieve a center-of-mass energy of √ s = 27 TeV and at the significantly enhance luminosity of 2.5 × 10 35 cm −2 s −1 . An analysis of the discovery potential of this machine for the discovery of sparticles has been carried out in [144] which analyzed a set of model points of supergravity unified models. In this analysis it is found that the model points which are discoverable at the HL-LHC with a run between [5] [6] [7] [8] years are discoverable in a period of few weeks to ∼ 1.5 yr at HE-LHC running at its optimal luminosity of 2.5 × 10 35 cm −2 s −1 . Additionally HE-LHC can probe the parameter space beyond the reach of HL-LHC. TeV using estimated integrated luminosities, L, for a 5σ discovery of the benchmark points points (a), (g), (h) and (i) whose input parameters are as given in [144] . Right panel: HE-LHC analysis of model points which are not accessible at HL-LHC but would be accessible at HE-LHC where the input parameters of models (b)-(f) and (j) are as given in [144] . Taken from [144] .
Conclusion
One of the compelling reasons for the discovery of supersymmetry is the suppression of the quadratic divergence in the Higgs loop arising from cancellation of the quark loop contribution with the contribution of squark loop. One may compare this cancellation with the GIM mechanism for the cancellation among loops involving up quark and the charm quark in the flavor changing neutral current contribution to the process
Here the cancellation is up to one part to 1 part in 10 9 since
The GIM mechanism provided a strong motivation for the search for the charm quark which was eventually discovered. here examples where the model points of supergravity models that might take up to five years for discovery at the HL-LHC can be discovered at the HE-LHC within few weeks. Further, HE-LHC can explore the parameter space beyond the reach of HL-LHC. A similar situation is expected for the higher mass Higgs bosons in supersymmetric models. It is also pointed out that the discovery of supersymmetry associated with missing energy also constitutes discovery of supersymmetric dark matter. This is of importance since the direct detection experiments in the not too distant future will be achieving a sensitivity which approaches the neutrino floor. In that case, it would make the direct detection of dark matter more difficult. However, LHC can act as a dark matter factory for the production and study of supersymmetric dark matter even when their observation in direct detection may be difficult.
We discussed also some front line issues related to cosmology. Thus some of the main issues in cosmology relate to inflation and dark energy. While there exist many inflation models, several have been constrained and others essentially eliminated by the PLANCK data [77] on the tensor to scalar ratio r of the power spectrum. In future more accurate data on r as well as on scalar and tensor spectral indices and on nonGaussianity as one expects in stage4 CMB experiment [49, 145] will hopefully help us produce a standard model of inflation. A similar situation exists with regard to dark energy. Currently the ΛCDM model works very well, but the equation of state given by w = p/ρ has a spread around −1. More accurate determinations of w from CMB-S4, LSST and EUCLID [49, 145, 146, 147] will have very significant implications regarding our view of the universe . Thus w > −1 will indicate that the dark energy may be something like quintessence, while w < −1 would indicate a new sector of physics involving something like phantom energy. In any case particle physics will play a greater role in the coming years linking high energy physics and cosmology more closely. This is desirable from the unification view point since a true unified model must describe both high energy phenomena as well as phenomena at the cosmological scales.
colleagues related to some aspects of the material discussed here are acknowledged. 9 Appendix: Notation and basics formulae 9.1 Natural heavy scalars in radiative breaking
Radiative breaking of the electroweak symmetry has the form
where C 1 − C 4 are as defined in [19] , and ∆µ 2 loop is the loop correction. To exhibit the underlying geometry we can choose a renormalization group scale Q so that the loop term vanishes. In this case we can write the radiative breaking equation Eq. (11) in the form
where
2 C 4 . We may further write the above relation so that
where ∆ 2 = i,j=2,3 ξ i g ij ξ j . In RG evolution, typically ∆ 2 > 0. However, g 11 does not have a fixed sign and can move from being positive to being negative depending on the region of the parameter space one is in, giving rise to two branches of radiative breaking which correspond to g 11 > 0 (ellipsoidal branch: EB) and g 11 ≤ 0 (hyperbolic branch: HB). HB contains focal points, focal curves and focal surfaces. Thus we can classify radiative breaking of the electroweak symmetry so that 
Eq. (12) exhibits the fact that the constraint of electroweak symmetry breaking is a relation between the parameter µ 2 which preserves supersymmetry, and the parameters m 0 , A 0 , m 1/2 which break supersymmetry.
One finds that for a fixed value of s, one gets naturally heavy scalars as m 0 can get large for the case g 11 ≤ 0
which is the HB region of radiative breaking of the electroweak symmetry.
Kinetic and Stueckelberg mass mixings
In this Appendix we give details of kinetic mixing [71] and of Stueckelberg mass mixing [72] . For simplicity we consider the case of two gauge fields A 1µ , A 2µ corresponding to the gauge groups U (1) and U (1) and we
where L kin is the kinetic term, L St−mass is the Stueckelberg mass mixing, and L 1 is the interaction of the gauge field with the sources. Thus in Eq. (15) J µ is the current in the visible sector and J µ is the current in the hidden sector. Let us assume that M 1 >> M 2 and define the parameter = M 2 /M 1 . In this case in the basis where both the kinetic energy and the mass terms are diagonalized, the interaction Lagrangian is given by
Here δ parametrizes the kinetic mixing and parametrizes the Stueckelberg mass mixing. In the above we identify A µ γ as the photon field, and A µ M as the massive vector boson. Note that the photon field and the massive vector boson field couple to both the visible sector current and the hidden sector current. We note that it is the parameter which is responsible for the generation of milli-charges for the fields in the hidden sector due to the coupling of the photon to the hidden sector which is proportional to . For the case = 0, the photon does not couple to the hidden sector. However, the massive vector boson couples to both the hidden sector and the visible sector through the kinetic mixing parameter δ.
Power spectrum of primordial perturbations and spectral indices
For slow roll inflation the power spectrum of curvature and tensor perturbations P R and P t are given by
where V is the slow roll potential, R is the cosmological scale factor and H is the Hubble parameter H =Ṙ/R.
One of the quantities of interest is the ratio r defined by
where k 0 is a pivot scale. Also of interest are the spectral indices. The curvature power spectrum for mode k can be written in terms of the power spectrum for mode k 0 so that
where n s is the scalar spectral index. For the tensor perturbations the power spectrum P t (k) can be expanded so that
where n t is the tensor spectral index. Slow roll inflation is often described by the parameters and η which are defined by = 1 2
The relation of these to spectral indices is given by Eq. (6).
Non-Gaussianity
Non-Gaussianities are defined by three-point correlation functions of perturbations involving three scalars, two scalars and a graviton, two gravitons and a scalar and three gravitons [108] . The dominant nonGaussianity arises from the correlation function of three scalar perturbations. Thus for scalar perturbation ζ( k) non-Gaussianity is defined by
where P ζ k is the scalar power spectrum and f N L is a measure of non-Gaussianity.
Inflation in an axion landscape
We give here a short discussion of inflation in an axion landscape. Let us consider m pairs of chiral fields which are oppositely charged under a global U (1) symmetry. We will call magnitude of chiral fields saxions and the normalized phases axions. We assume that there is only one U (1) global symmetry under which the chiral fields are charged and thus there is only one pseudo -Nambu -Goldstone -Boson (pNBG) which will act as the inflaton. The U (1) symmetry is broken by instanton effects and the potential can be decomposed into into a fast roll involving 2m − 1 axions, and a slow roll which involves only the pNGB. The effective low energy theory for the pNGB is now very different from the old natural inflation model and one can generate inflation with f < M P l . We note here that the pNGB is not the axion of QCD but rather one that comes from string theory.
To make the discussion more concrete let us suppose we have a set of fields Φ i (i = 1, · · · , m) where Φ i carry the same charge under the shift symmetry and the fieldsΦ i (i = 1, · · · , m) carry the opposite charge.
We may parametrize φ k andφ k so that
This allows us to write a non-trivial superpotential which can stabilize the saxions, i.e., 
where W s is the symmetry preserving and W sb is the symmetry breaking superpotential. The stability conditions are given by
The set up above has 2m axionic fields a 1 , · · · , a m ,ā 1 , · · · ,ā m . We can decompose this set into two: i.e., a set that is invariant under the shift symmetry which consists of b k ,b k , k = 1, 2, · · · , m − 1 and b + and the set which includes just one field b − which is sensitive to the shift symmetry. Here we exhibit only the field b − which acts as the inflaton [105] 
We can now decompose the potential into a slow roll part which involves only the field b − and a fast roll part which involves the rest of the fields. The slow roll potential with stabilized saxions then takes the form
Only the slow roll part of the potential, i.e., V slow , enters inflation [105] V slow = 
where C r and C rs are determined in terms of A kl andĀ kl in Eq. (23) and
A remarkable aspect of V slow is that it depend only on an effective decay constant f e . For N number of fields and f k = f =f k , f e = √ N f [105] (see also [106] ) . The analysis of Eqs. (26) and (27) imply that we can get a sub-Planckian domain of the axion decay constant by simply enlarging the number of fields in the landscape. The √ N factor is as in N-flation [107] although the mechanism of generation here is very different.
Supersymmetric Dirac-Born-Infeld Inflation
Here we discuss the simplest version of the supersymmetric DBI Lagrangian involving just one chiral field.
It is given by [110] 
where Φ and Φ † are the chiral and anti-chiral superfields, D α and Dα are the supercovariant derivatives, T is a scale factor of the dimension of (mass) 4 where
Ignoring fermions, the superfields have the expansion:
where F obeys the cubic equation
Here p and q are given by p = ∂W ∂ϕ
Integration on θ,θ in Eq. (28) gives Eq. (34) [110] L DBI = −T 1 + 2T −1 ∂ µ ϕ∂ µ ϕ + T −2 (∂ µ ϕ∂ µ ϕ) 2 − T −2 (∂ µ ϕ∂ µ ϕ) (∂ ν ϕ∂ ν ϕ)
As discussed in section 4 a more realistic DBI model of inflation is given in [111] based on two chiral fields charged under a U (1) global symmetry which is broken by instanton effects and non-Gaussianity is discussed consistent with PLANCK experimental constraints.
